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A Two reference models with labor market frictions

This Appendix provides more details on the two models laid out in the main text.

A.1 NK model with search and matching frictions
A.1.1 Household

Households are modeled as in Andolfatto (1996) and Merz (1995). At any point in time n; agents
of the household are employed (w) and 1 — n; agents are unemployed (u). As in Walsh (2005)
and Christiano, Eichenbaum, and Trabandt (2013), we assume that each household member has the
same concave preferences over consumption and that the household provides perfect consumption

insurance. The household maximizes the inter-temporal utility of the members

e _ _ -0 h 1+¢
B0 st |t g, 0 (A1)
t=0

subject to the budget constraint
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E, is the expectations operator conditional on all the information available up to period 0. [ is
the time discount factor. Consumption is denoted by ¢;, and the hours worked by the n; employed
household members are measured by h;. Unemployed household members do not experience disutility
from working. The real wage is given by w; and unemployment benefits are measured by b*. Bond
holdings B, taxes and transfers T;, and profits Pr; are measured in nominal terms and are converted
into real units through division by the price level P;,. R; is the nominal interest rate on bonds. We
denote by \; the Lagrange multiplier attached to the budget constraint when solving the household’s
problem. As in Walsh (2005) we assume that total consumption ¢; consists of a manufactured good
¢/ and home production b%(1—ny), i.e., ¢; = ¢ +b*(1 —n,). This assumption guarantees that it is in
principle possible under the conditions in Hosios (1990) for the outcomes of the search and matching

process to be efficient.!

LIf unemployment benefits are modeled as tax-financed, imposing the conditions in Hosios (1990) is not sufficient
to achieve efficiency for b > 0. The exact way of modeling unemployment benefits is of little consequence for us as
for empirical reasons we are not interested in parameterizations that satisfy the conditions in Hosios (1990). However,
the modeling choice matters in our companion paper Bodenstein and Zhao (2016) from which we draw in this paper.



A.1.2 Employment and the labor market

The labor market is characterized by search and matching frictions. In this economy, the presence of
search and matching frictions impedes people who are seeking jobs from finding one and wholesale
firms that are posting vacancies from filling them. At the beginning of each period, a share p of
matches that existed in the last period n;_; breaks up. The share (1 — p) of matches survives.
With the labor force normalised to unity, the total number of job seekers in period ¢ is the sum of
unemployed workers in period ¢ — 1 and the newly fired workers. Let u; denote the total number of

job seekers,
u=1—n1+pn1=1—(1—p)ni (A.3)

The unemployment rate differs from wu; as some job seekers may be matched and become employed.

We define the unemployment rate
'l]t =1- Ng. (A4)

Firms post vacancies v; to be filled with job-seeking workers. Unemployed workers are matched

to vacant jobs according to the constant returns to scale matching function

my = xuSvg C. (A.5)

x determines the degree of matching efficiency,  captures the curvature of Beveridge curve, indicating
the substitutability between vacancies and job seekers. Newly formed matches m; result immediately

in employment. The latter evolves according to
ny = (1 —p)ng_y +my. (A.6)

Finally, we define the job finding rate s; as the probability of an unemployed worker being matched

to a vacant job

s = — = x0; . (A.7)



The vacancy filling rate ¢; is the probability for a vacancy being filled
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Labor market tightness 6, is defined as
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We are now in a position to define the marginal value of employment to the household H; consistent

with the household’s optimization problem
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Moving one household member into employment affects the household in three ways. First, total
household resources rise by the difference between wages and unemployment benefits. Second, the
utility of the agent changing employment status falls by the disutility from labor (divided by the
marginal utility of wealth A; to turn it into monetary terms). Finally, the gains from matching a

household member with a firm also occur in future periods.

A.1.3 Wholesale firms

Wholesale firms employ labor as the only factor of production. Their output is sold at the competitive
market price P’. Firms post vacancies at the flow vacancy posting cost x¥. A wholesale firm’s

optimization problem is
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The technology shock a; follows an exogenous AR(1) process

log (a,) = p, log (ar-1) + <! (A.12)



with & given by N(0,02).
Let J; denote the marginal value of employment to the wholesale firm (the lagrange multiplier
associated with the first constraint). The first order condition with respect to vacancy postings

implies

gty = K", (A.13)

Using the envelop theorem J; itself is defined as
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Employing one additional worker raises the firm’s profits in the current period by the increment
between marginal product of labor and wage payment. Furthermore, if the match survives future the
firm also enjoys a continuation value.

Combining equations, the wholesale firm’s vacancy posting condition equation (A.14) can be

rewritten as
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Pw
The wholesale firms’ real revenue ?f is in effect the intermediate firms’ real marginal cost mc;. The

left hand side of equation (A.15) inctlicates the marginal benefit of hiring an additional worker. The
right hand side of equation (A.15) captures the marginal cost of hiring a new worker, involving wage
payments for hours worked, vacancy posting costs associated with a new match, and the present
value of saved future vacancy posting costs if the match survives in following periods.

Notice that the search and matching frictions work through the presence of vacancy posting
costs. Absent vacancy posting costs, wholesale firms would post infinitely many vacancies. All the
unemployed workers seeking jobs will find one. The NK model with search and matching frictions

reduces to the standard NK model and marginal costs would be given by mc; = W
Qg



A.1.4 'Wage bargaining

The real wage w; and hours worked are determined by Nash bargaining between the worker and the

firm after forming a match. The total surplus of the match is given by
Jy + Hy. (A.16)
Under Nash bargaining the solution to the bargaining game is obtained from

max .J} CHf (A.17)

we,ht

subject to equations (A.14) and (A.10). ¢ stands for the bargaining power of the household, and
1 — £ indicates the bargaining power of the firm.
The sharing rule for this Nash bargaining mechanism as derived from the first order condition

with respect to w; implies
§Je=(1-¢) H,. (A.18)

Combining equations (A.14), (A.10) and (A.18) yields an expression for the bargained wage
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Combining equation (A.15) and equation (A.19), we obtain the equilibrium condition for vacancy

posting
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The first order condition associated with hours worked in the Nash bargaining problem can be

written as
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(A.21)
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A.1.5 Retailers

Retail good producers purchase wholesale goods to produce differentiated intermediate good varieties.
The retailers have monopoly power over their variety. The retailer’s cost minimization problem is
then given by
min  P*y,’(i
wame )

st yi(i) = ;" (i) (A.22)

with the first order condition for y;"(i) being

PP =\ =0 (A.23)

where )\ is the Lagrange multiplier for the production function and thus represents the marginal

cost. Therefore, real marginal costs satisfy

— =mc. (A.24)

The prices of intermediate goods P;(i) are determined by Calvo-style staggered contracts, see
Calvo (1983). Each period, a firm faces a constant probability 1 — &” to re-optimize its price P (7).

The probability is independent across firms and across time. For those firms that do not re-optimize

Py
P

their price, prices will be updated as a weighted average of II; = the nominal price inflation in
the last period and II the steady state inflation rate. The relative importance of II; and II is governed

by price indexation parameter (».> More specifically,

Py (i) = P(i) (mr7w' 7). (A.25)

Price setting behavior of intermediate good firm ¢ is derived from
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2 This price updating scheme avoids price dispersions in steady state if the steady state inflation rate is not zero.
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7P is the subsidy to intermediate firms. We assume 77 = A\’ — 1 to remove the distortions arising
from monopolistic competition between the retailers. We introduce markup shocks in the first order

conditions for intermediate firms. We define 67 = \¥ — 1.

A.1.6 Final good producer

Differentiated intermediate products are combined to form the composite goods by a continuum of

representative bundlers in a perfectly competitive environment based on the CES aggregator

Yyr = Uol yt(i)f"di] ) (A.27)

where % refers to the elasticity of substitution between intermediate varieties. Profit maximisation

of a bundler is defined as

1
max Py — / Py(i)y(i)di
0

Yt (’L) Yt

st. oy = Uol yt(i)klpdz} Ap. (A.28)

The first order conditions can be recombined to obtain the demand function for intermediate good i

(i) = (%@) e Ye (A.29)

and the aggregate price index
AP—1)
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A.2 NK model with Calvo sticky wage

We only describe the parts of the model that are different from the search and matching model. More

details are provided in Erceg, Henderson, and Levin (2000).



A.2.1 Household

Each Household maximizes preferences
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subject to the budget constraint
Piey(j) + Bea(g) = (L +79) Wi(h)he(j) + Re-1Bi(j) + Pre(j) + Ti(j). (A.32)

[y is the expectations operator conditional on all the information available up to period 0. ( is the
time discount factor. The variable ¢;(j) stands for household consumption. p indicates the degree of
internal consumption habits. P, is the price of consumption goods, and R; denotes the gross return
for the one period risk free bond B;(j). The Household earns income by supplying labor services
Wi(5)hi(j), receives payments from last period bond holding R;—1 B:(j), and Pr(j) which consists of
an aliquot share of profits distributed. Finally, the household receives the government transfer T;(j).
¢ represents the inverse Frisch labor supply elasticity. Labor income W;(j)h;(j) is subsidized at a fix

rate 7.

A.2.2 Labor bundler

Labor bundlers package differentiated labor services supplied by each individual into an aggregate la-
bor service with a CES technology resold to the intermediate good producers in perfectly competitive

markets. The labor bundling technology is specified as

hy = [/01 ht(j)xlwdj} : (A.33)
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where refers to the elasticity of substitution between differentiated labor types. We define

Labor bundlers maximize profits in a perfectly competitive environment. Profit maximization for

labor bundlers implies
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The first order conditions imply that the demand for differentiated labor services satisfies

w

he(j) = [W;V(f )} o he (A.34)

with the aggregate (nominal) wage being defined as
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A.2.3 'Wage setting

Households supply their differentiated labor services to the labor bundlers. There is a continuum
of households, index by j € (0,1). The imperfect substitutability of differentiated labor gives each
individual household certain degree of market power in setting a nominal wage. Each monopolistic
household chooses labor supply h:(j) and wage setting W;(j). In addition, wage setting is subject
to nominal rigidities as in Calvo (1983). As in Erceg, Henderson, and Levin (2000), households can
readjust nominal wages with probability 1 — " in each period. For those that cannot adjust wages,
wages will increase by the weighted average of inflation in the last period II; and the steady state

inflation rate II
Wt+1(j) = Wt(j) (Hiuﬁlﬂw) : <A~36)

For those that can re-optimize, the problem is to choose a wage W, (7) that maximizes its utility in

all states of nature where the household has to maintain that wage in the future
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Where 7 is the subsidy to households who supply differentiated labor varieties. We assume 7% =

A" — 1 to eliminate the distortions due to monopolistic competition among households.
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B NK model with search and matching frictions: linear
model

This section derives the linear model that approximates the NK model with search and matching
model. We first derive the elasticity of labor market tightness with respect to shocks to understand
the amplification of shocks in the presence of search and matching frictions. Subsequently, we show
that the linear system of the NK model with search and matching frictions can be stated in terms
of three equations. For simplicity, we abstract from price indexation and consumption habits from

here on.

B.1 Simple analytics

To learn about the amplification of shocks in the framework with endogenous labor supply, we
combine the wage bargaining equations to derive an expression for labor market tightness, 6,.
Substituting the surplus sharing rule, J; = %Ht into the definition of the household’s marginal

value of employment

&, = —(1-¢) ﬁ—oqshtw%t + (1 = &) (wehy — V)
+§(1—p) BE, (Af\:l (1 — 8441 Jt+1) : (B.1)

Combining with the marginal value of employment to the firm to eliminate the wage rate
by, 1r0 ]
Jo+(1—=¢&)——h "—+(1-&0b"

= (1 =& mplihyme, + (1 — p)E; [ﬁ Aj\:l (1 —&s441) Jtﬂl (B.2)

or recognizing that efficient bargaining over hours worked implies that the marginal product of labor

is equal to the marginal rate of substitution between labor and consumption

A= 0 = (- T mplihume + (1 - p)E: [

(1 —&s5¢41) Jt+1:| : (B.3)

t
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Applying the definitions for s; and ¢;, and the condition
we finally summarize the equations characterizing the wage bargaining process in a single equation

g (1— )b
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thereby eliminating H;, J;, w; from the system of relevant equations.

In its log-linear form, the expression reduces to
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and after using the steady state relationship ¢,s = XG;SC
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To simplify the expression in equation (B.7), note that in the steady state equation (B.5) implies

(Z)u-0-p80-g0a0) = -9 [t Somplabumen -0 (®9

Using the conditions involving the marginal value of employment to the firm J; evaluated in the
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steady state and defining the replacement ratio as b* = r*wgshss

b* = Tuwsshss =r" (mplsshssmcss - (1 - (1 - p)6> H_) : (Bg)
Qss

Combining equations (B.8) and (B.9) defines the bargaining weight ¢ in terms of the replacement

ratio r* and other parameters and steady state targets

(“_) [1—(1—p)B (1 — Equsbs)]

Qss
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Assuming that changes in variables are small between two periods, we can approximate the response

of labor market tightness as

é 1 %mplsshssmcss
t %

T (25 =) mplsshggmes + 70 (1= (1= p)8) (22)] <

@t+ht+n’fct)

(B.11)

where

(1 - p)ﬁ&‘]ssess (1 - C)

(B.12)

B.2 Implications of negotiating over hours worked

In NK model with search and matching frictions and flexible hours worked, equation (A.21) resembles

its counterpart in the standard NK model with flexible wages. Noticing that

e = Y — K+ b1 —mny) (B.13)
nyt = atntht <B14)

where QF measures the dispersion of prices, negotiation over hours worked implies

Oy \? o _ B
o (2 (= v+ 0 my = o (B.15
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In the model with a Walrasian labor market (as in the standard NK model), n; is constant and search

costs are zero

s  PY
®o (nyt>¢ (yt) = ?ﬁtagﬂb' (B-16)

Relative to the standard NK model, we need to take into account the dynamics of n;, v;, and ¢;. Or

after log-linearizing, the two different models imply

—
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The variables 0; and ¢; can be expressed in terms of n; using the (log-linearized) equations that

describe the labor market

ﬁt - ét + ’LALt (B20)
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The dynamics of real marginal costs satisfy
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B.3 Implications of negotiating over the real wage

(B.26)

(B.27)

(B.28)

(B.29)
(B.30)
(B.31)

(B.32)

(B.33)
(B.34)

(B.35)

(B.36)

Combining the first order conditions of the firm with the bargaining outcome over wages, we arrive

at the following relationship between real marginal costs of the wholesale retailers and labor market

15



tightness

o P
(1 - 5) m?tatht
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Log-linearizing therefore delivers the following relationship between real marginal costs of the retailers

and labor market tightness:
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where we have used the fact that ¢, — n; = a; + iAzt and we defined

¢ | P
=1-¢)— |— ssPss- B.39
v=(-0775 | F] o (5.39)
Absent flexible hours worked, i.e., iAzt = 0, the above expression is used to substitute out for real
marginal costs in the New Keynesian Phillips Curve, see Ravenna and Walsh (2011). Given the
movements in marginal costs and the real interests rate, labor market tightness and therefore em-

ployment are pinned down.

In the case of flexible hours worked, we can combine equations (B.18) and (B.38) to

o Yss
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B.4 Aggregate demand equation

By taking account home production (i.e. unemployment benefits are not financed from any resources),

the resource constraint in the economy is
e =y — K v+ 0 (1 —ny). (B.42)
Log-linearizing delivers

Yss 9 _ 9
= - B (B.43)

combined with log-linearized FEuler equation for holding bonds

—0 (ét - ét—i—l) = Z.t - Eﬂrt_;,_l (B44)

we have the log-linearized aggregate demand equation

. . 1 1—k° .
U = By — (@t - EtWtJrl)
wyss o
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T oV o [(01 = @) (Eifusr — ) + O (e — fip—1)] . (B.45)

B.5 Linear model

The policy rule not withstanding, the linear NK model with search and matching frictions is sum-

marized by the following three equations

e = BEm +

(1— pr 1— gp ¥\
( . /ic) vt

— (1 + ¢) &t (ant + ant 1 (B46)
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According to the NKPC (B.46), similar to the standard NK model, price inflation dynamics
in search and matching models are determined by current and future real marginal costs which in
turn are related to the ratio of real wage to marginal product of labor. However, the real wage in
search and matching models is determined through a bargaining process rather than simply equal
to marginal rate of substitution between leisure and consumption. Thus, labor market variables
affect inflation dynamics directly through the NKPC. Furthermore, the real interest rate affects
inflation dynamics the third equation (B.48). Ravenna and Walsh (2011) refers to this channel,
which is absent in standard NK model, as the “cost-channel”. In contrast to standard NK model,
the aggregate demand equation (B.47) in search and matching models features not only forward
looking behavior but also backward looking behavior even with standard household preferences that
exhibit no habit persistence.

The standard NK model and the model in Ravenna and Walsh (2011) arise as special cases:

e Absent labor market frictions, n; = 0, kK = 0, w?** = 1 and equation (B.48) is taken out of the

model, the standard NK model with flexible wages reemerges

g LB o (L4e)
Ty = BEt t+1+ gp (¢+ )(yt (¢+0_) t) <B53)
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(B.54)

o [f there exists labor market frictions, but the individual labor supply is completely inelastic

as in Ravenna and Walsh (2011), i.e. ¢ = oo, equation (B.48) reduces to y; = a; + n;. After

substituting out for g, by n; in the aggregate demand equation, we obtain

where
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C Optimal targeting rule for NK model with search and
matching frictions

Having obtained the (linear) equations that describe the behavior of the private sector, we still need
to derive the objective function of the policymaker as a purely quadratic approximation to the pref-
erences of the representative household to formulate the linear-quadratic problem from which we
derive the optimal targeting rule in the NK model with search and matching frictions. In this sec-
tion, we first derive the correct quadratic loss function as the approximation to the preferences of
the representative household. Then we obtain the first order conditions associated with the policy-
maker’s problem of optimizing the (quadratic) objective function subject to the (linear) equations
that describe the behavior of the private sector. Finally, the optimal targeting rule is then derived
by combining the first order conditions to the policymaker’s problem into a single equation without

Lagrange multipliers.

C.1 Simplified nonlinear optimality conditions

Before retrieving a numerical representation of the quadratic loss function, we write the nonlinear
model in terms of the variables that also enter the set of log-linear equations {nt, Tty Yt Ht} as well
as the variables {Utp, | %8 Qf,ﬁfpt}.

The number of job seekers is already expressed in terms of employment only
u=1—(1—p)ng_1 (C.1)
and matches evolve thus according to
my =ng — (1 — p)ng_q. (C.2)

Using the matching technology m; = Xufvtl ¢, the total number of vacancies satisfies
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while labor market tightness can be shown to follow

b="=x 1= Cln— (1= )L =C (1= (1= p)ney) 1€ (C4)

Finally, the vacancy filling rate is given by

L < <
@=x0=x "S- =pn) 1 =CA-1=pn1)! =€ (C.5)
and the job finding rate can be written as
LT Tl e )2 o
ug 1= (1= p)ni
Using the production technology, hours worked can be expressed as
0P
B, = Y (C.7)
ANy
The resource constraint implies for consumption that
Ct = Y — Hv’Ut + bu(l - nt). (CS)

The equation governing vacancy postings (A.20) can be stated as

<R—U> ¢’ =(1-9¢ <i¢oh§+¢ — b“ctg) + (1= p)BE«c; (1 — Est4a) ( i ) (C.9)

qt 1+ ¢ Gr+1

whereas the wage bargaining equation is

C

i hy "
Cia 6t+1/ﬁjv> —|— (1 — 5) bu _|_ (bomdg . (ClO)

wihy =& (¢0h§+¢cg + (1 — p)BE;

t

Finally, the nonlinear equations governing the evolution of prices in equilibrium are, the optimal

price

~0' Up
ptpt = V_tp (C.11)
t
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which is computed as the ratio of the recursively defined terms U and V/

<1+9P>
146 11 p
Utp + pt¢0h¢yt ﬁpﬁE < E&-l) 0 Util (C.12)
1
1+ 7 11
th:(e_p> yer +gp5Et( ﬁ“)e V2. (C.13)

The definition of the price level implies

1
1
H JE—
1—g (B - e i) P (.14
and price dispersion evolves according to
- 1 + ep 1 + ep
—p o7
- () T oaea-onrE (.15)

Recall, that we continue to abstract from price indexation and consumption habits.

C.2 Correct quadratic loss function

Following a large body of the literature, we compute the optimal monetary policy under commitment
from the timeless perspective as the reference point to evaluate the performance of different policies.
Optimality from the timeless perspective assumes that the policymaker can “pre-commit” at the
beginning of time. This assumption converts the optimal policy problem into a recursive problem
with time invariant functions as shown in detail in Benigno and Woodford (2012). As shown in
Bodenstein, Guerrieri, and LaBriola (2014), the first-order approximation to the system of first order

conditions associated with original nonlinear model can be mapped into the LQ problem

nax EtOZﬁ‘t to { 4 A(L)#; + #,B(L)C; 44
Ttit=to t=to

s.t.

EtO(L)JA?H_l + D(L)Ct — O
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O(L)ito = dto
G =T¢_1+ Tgt (C~16>

where 2, measures the (log-) deviation of variable “x” from its value assumed in deterministic steady
state. The matrices (A(L), B(L)) capture the second-order approximation of the welfare function,
where “L” denotes the lag-operator. The matrices C'(L) and D(L) capture the linear approximation
of the constraints. The linear constraints C'(L)z;, = d;, implement the timeless perspective through
the appropriate choice of d;,. The model description is completed by the evolution of the exogenous
variables, the last equation in (C.16). The innovations &, follow 4id standard normal distributions.
All welfare relevant matrices in the above L(Q problem can be retrieved using the numerical ap-
proach in Bodenstein, Guerrieri, and LaBriola (2014). After retrieving the welfare matrices A(L) and
B(L) and accounting for all zero elements, the approximation to the preferences of the representative

household is given by

5 1 1
s&m 2 ~2 ~2 ~2 A A A A a A
L = 5(1237@ + §a3,3nt + §a8,8yt + 56111,11”,5_1 + ag gy + az11Ne—1 + ag 11YeNe—1
1 Zopt\2 Up f/p Upf/p 1 Vp 2
+5a0a ()" + azemUp + asym Vi + as ULV + Saza (V)
+bs 3nee—1 + by 3YeNe—1 + 317040y + 327040, ¢ + €8 101G + C8 210 (C.17)

where g, is output, m, refers to price inflation, and #, stands for employment. p*" is the optimal
price set by re-optimizing firms. U” and V} are log-linear versions of the variables U? and V. a, is
technology shock and 9p,t is price markup shock. a;; = Ao(7,7), bi; = A1(4,j), and ¢; ; = By (3, ) for
corresponding index (i, j) are the entries in A(L) and B(L). Besides terms that are already present
in the standard NK model, labor market variables affect the loss function in the search and matching
framework. Current and lagged employment enter the approximation.

When using a first order approximation, the nonlinear equations associated with Calvo sticky

prices can be summarized in the NKPC for price inflation. Therefore, sticky price variables {p, UF, VP, (P}

will only show up in the nonlinear system but not in the log-linearized system. To make the loss
function work correspond to the linear structural equations, these sticky price variables have to be

substituted out.
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Log-linearizing the equation (C.14) delivers

PPt = . (C.18)

Equation (C.18) can be used to substitute out 7" in the loss function.

Log-linearizing the equation describing the evolution of price dispersion (C.15) provides

1467 14607 4,
G~ (L= &) "

=& (C.19)

Q]tg = prft?—l + &

Thus, price dispersion can be ignored to the first order.

Applying the log-linearization for equations (C.11) and (C.14), we have

X . T .
P P PY/P P\2
az 6T Uy + agrmiVy + ag UV + 5‘17,7(‘/; )

2 ~ ~ 2 ~ ~ 1 A
= A,6T¢ (p?pt + th> + ag7m VP + ag 7 (p?pt + V?) VP + 5@7,7(‘/?)2
2 ~ ~ S 1 ~
= a2,677tp?pt + agem VP + agrm VP + a6,7V}pP?pt + (%‘,7 + §G7,7> (VF)?

= a2767'('t]§?pt —+ CL2767T,5‘A/tp + ag,ywtf/f + a677‘zpﬁ§pt
_ i 2 + + i VP
= a2,61 — gpﬁt Q2,6 T Q2,7 a6,71 e TV
&
= a2761_—€pﬂ-t (CQO)

N N N 1
The first identity comes from the relationship Uf = p;¥ t—l—th ; the third identity is true as ag 7+ 5&7,7 =

0; plugging in equation (C.18) gives us the fourth identity; the fifth identity holds as as¢ + as7 +
P
—— = 0.
Q6,77 & )
We convert the approximation to household preferences, £;¥™ into a loss function by defining

L3&m — — 5% The loss function in the search and matching model is therefore written as

& 2 2 -2 2 on o
Ly = Prami+ Py + Ponly + Po- n-15_1 + Pyl + Byn- Ui

Py ity 1+ Praisty + Propiibys + Py oy + Pypiifps (C.21)
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where

Prr = _1@22_1a44(i)2_a265_p
’ 2" 2 \1-=¢& 1 —=&F
Py = _%CL&S
P, = —%&373
Ppn = —%an,n
P, = —%a&g
Py = —(asi1+bs3)
Pon- = —(asq1 +bs3)
Pn,a = —C31
np — TC3.2
P, a — TC81
P, = —cgo.

To sum up, the procedure for deriving the correct loss function in the search and matching models

involves:

—_

deriving the nonlinear equilibrium conditions for the original model;

. simplifying the nonlinear system of equations such that it only involves variables that show up

in the log-linearized model, together with sticky price variables {UP, V¥, piP*, P},

applying the numerical approach to retrieve welfare matrices based on the simplified equation

system;

. writing out the loss function by plugging in retrieved welfare matrices;

using the log-linearized structural equations to eliminate the sticky price variables {UF, Vi, p**, QP}

in the loss function.

. obtaining the correct quadratic loss function, even though we can only know numerically the

values of the coefficients which in turn depend on the model’s structural parameters.
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C.3 First order conditions of the L(Q) problem

The correct LQ system is given by

min _ Eo ) 5t{Pm7r§ + Pyyi? + Pont? 4 Py 2 | + Pyniuiy
t=0

{me e, 7,9t b o

+Py -1 + Py p-1yiiy—1 + P oy + P pi0p s + Py oJiay + y,pytep,t}

s.t.
1 — p 1 _&p wyss R
ﬂ't:ﬁEth—F( ngz,( 5)[(¢+01_Kc)yt
- (1 + (b) ag — wlﬁt + 02ﬁt—1):| + 9”
N . 1 1—k° .
Yt = Etyt+1 - ~ (Zt - Etﬂ-t—i-l)
wyss g
1 1—k° . . . R
T (01 — @) (Evfugr — fog) + 02 (g — 7yp—q)]
N . R wyss R A
V1 Etp1 + Yol + ysne—1 = (gb + T + 1) 0 — (L+ o) ay
1-— KY )
_% (1 - £QS3953) (_> E, [Zt — 7Tt+1] . (C22)

The problem is to minimize the quadratic objective function subject to linear structural equations.

Taking first order conditions delivers

. 1 1-—k° 1 - KY
(4¢) : , Aoy + —( P (1 — &qssbss) <—) As; =0 (C.23)
w SSs O' l/ os
1 1 1—k&°
(7¢) : 2P xme+ My — Mg — — Aoy
5 ToYss o
1(1— KY

() : 2P,y 0 + Pynite + Pyt + Pyaty + Pypfy,

_ (1 — 55;}(1 ¢ ) (¢ + Ulw_y5;0> Al’t + AQ’t a %AQ,t—l
— (¢ + alw_ys;c + 1) Ay =0 (€29

(ﬁt) : 2Pn,nﬁt + 25Pn*,n*ﬁt + Py,ngt + pr,n* Etyt—&-l + Pn,n* ﬁt—l
1— B P 1— P
IS
1 11—k°
wyss B

+ﬂPn,n— Etﬂt—i-l + Pn,adt + Pn,pép,t +

(1—p58")(1 -¢)
é“l’

+6

0o Ay 11 + (01— P)Agp1
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1 1-—k° 1 1—k° 1 1—k°
— (01 — @) Aoy + 0o Noy — B 0o EyNo 11
wYss o wYss o T Yss o
1
Vils o1 + Vols s 4+ BysEiNs i1 =0 (C.26)

+_
5
C.4 Substituting out Lagrange multipliers and the optimal targeting

rule

To simplify notation, we define

wySSO'
¢ = o+
1— ke
, (1= pen)(1—¢r)
kP = &
1 1w
A= wglss 7

A=p)B (9 _ K
2 (1= Eqssbss) (q>
GY = 2P, i + Pynity + Pyt + Pyaiiy + Py o0y,
HtA = 2Pn,nﬁt + 25Pn*,n*ﬁt + Py,ngt + ﬁPy,n* Et@t—&-l + Pn,n* ﬁ't—l + /BPn,n* Etﬁt-i-l

~

+Pp a0 + P plp .

Then the set of first order conditions simplifies to

(i) 0 Agy =0 gy (C.27)
(m¢) : 2Pp mi+ A —Aip1=0 (C.28)
(@) 0 G = KPo1A + Aoy — %AQ,H —(1401) A3, =0 (C.29)
(Re) : HM 4+ KPOLAL + KPBOSE A 41 + ﬁ%(el — @) Aoy 1+ o 1_ 5 (02 + ¢ —01) Ay

T o 1_ ¢502EtA2¢+1 + %71A3,t—1 +Y20s¢ + B3B3 41 = 0. (C.30)

Substituting out As; in equation (C.29) and (C.30) by using equation (C.27),

1

G} — KPorA e+ [1— (1 +01) "] Aoy — 3

A2,t—1 - O (C?)].)

27



and

1 1 1
HtA + KPOLN ¢+ KPBOLE A 11 + ————= (01 — @) Aoy + ——— (02 + ¢ — 01) Aoy
61— ¢ g1 — ¢
1

1
5 ¢592Et/\2,t+1 + B%VAAz,t—l + 9 Aoy + B3 Erla i
=

= HtA + kPO + KPBO BN i + [

1 1

1
51 — qbB(Ql - ¢) + B%VA} A2,t—1

o — & (O +¢—01)+ VQVA] Aoy + {573”1\ - o1 1_ ¢592} EiAg g
=0. (C.32)

+

Since price inflation is defined as the change in the price level (in terms of deviation from steady
state) m, = P, — P,_1, we can then express Ay, as proportional to the price level P, from equation
(C.28). At the same time, the equation m; = 1515 — 1525,1 has to be added into the model system. It is

straightforward to show
Ay = —2P, P (C.33)

Plugging the expression of A;; into equation (C.31) and (C.32),

1
B
- G? + Qﬁpglpw,ﬂﬁ)t + []- - (]- + @1) VA} A27t —

G? — kPG + [1 — (1+01) T/A} Aoy — —=Noy g

1
B
- 0 (C.34)

Agyq

and

1 1 1
Hg(el —¢)+ —71VA} Az

HtA + FJ’QlALt + KpﬁegEtALt_H + |: B

1 1
+ Oy 4+ ¢ — 01) + Yo | Aoy + A — 0 ] E,A
[@1 _¢( 2+ ¢ 1) %) } 2.t [573 o1 _¢5 2 1432 141
N . 1 1 1
= HtA - 2/{p01Pﬂ',ﬂ'Pt - QKpﬁHQPﬂ',ﬂ'EtPt-‘,—l + |: —(01 - Qb) + —’}/1VA:| A27t_1
g1 — ¢ B

1 1
+ Oy + ¢ —01) + VA:|A +{ v — G}EA
{% _¢( 2+ ¢ 1)+ 72 2,t B3 o _¢5 2| Lad2t+1

—0. (C.35)
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We further define

o= @11_¢%(91—¢)+571VA]
Xy = _®11_¢(92+¢_91)+72,,}
b = :ngvA—ml_ d)ﬁeg]

B = FEsarer

A

X_
XM= (—1 X+ xfﬂa) .
)

1 1 )
Ao Aopr = G + 2K701 Py o P, C.36
PR = (1 + o)A 1= (1+oy) 0" ( t T 2rR"01L0, t) ( )

or
Nai = Bihasr = =B85 (G + 2670, o) (©.37)

This equation implies an expression for Ay,

ey

= —B0s Z (Bs)° (Gé\—s + 2“p@1Pﬂ:ﬂpt*S>
s=0

- _B/Bg Z (ﬁé)s (2Py,ygt—s + Py,nﬁt—s + Py,n—ﬁt—l—s + Py,adt—s
s=0
+Pyvpép7t—s + QRPQ)IPW,Wpt—s>

- _Bﬁézpy,y Z (ﬁé)s gt*S - ﬁﬂ&Py,n Z (66)8 7ﬁLtfs - ﬁﬁépy,n— Z (65)8 ﬁt,1,S
s=0 s=0 s=0

—BB5Pya Y (Bs)* ar—s — BBsPyp Y (B5)* Opus — BBs26701 Pr Y (85)° Pres
s=0 s=0

s=0
= —BB52P, 0" = B8Pyt — BB Py} — BB Py i’

~WA ~
_Bﬂ(sPy,Pep,t - 5552f€p®1p7r,7rPtWA

P n- A P n- a
= —PBs [2Py,ygva + (Py,n + % ) nXVA - %, Ty
0 0
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. AW A .
+Py i+ P00 " ¢ QHpglpﬂ,ﬂPtWA} .

Finally,

1 b n-— ~ P, n= A
Ny = —BBs [2Py,yyva + (Py,n + 2 ) nXVA — 2 5,
Bs Bs

. ~WA .
Pyl Pyl + 26701 Py PV

AWA) CAL}//VA

. WA
where V4, ) 0

» Upt o

~WA
{ =

(ﬁé)s :&t—s

hE

s=0

~WA

3
[
WK

(56)8 ﬁt—s

0

s

dWA

I
[M]¢

(55)8 at—s

s=0

~WA > A

pt Z(ﬁé) Qp,t—s
5=0

PYY =) (B) P

»
Il
=)

or written recursively

?)XVA = 553?1?—/{“*'?%

WA WA |
Ty = Bsfy_1 +
~WA ~WA ~

ay = Bsa, 7 + a
~WA ~WA ~
ep,t = 559p,t71 + ‘9p.t

pPVA = BPYA LB

Substituting equation (C.37) into equation (C.35) and using the newly defined coefficients,

R . 1 1 1
H} — 25701 Py Py — 257 B0 Py By Py + { —(0h —9) + —’Y1VA} Aoy
g1 — ¢ B
1 1
+ O+ —01)+ ’YzVA] Aoy + [B’Y:WA - —592] BNy
¢ — ¢ )
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(C.38)

and PtWA are the weighted averages of historical realizations with

(C.39)

(C.40)

(C.41)

(C.42)

(C.43)



Hi/\ - 2’l<“'p91P7T,ﬂ'Pt - Q/Qpﬁe?Pﬂ,ﬂEtpr + Xél ( A2t + ﬁ (GA + 2KP Q].Pﬂ' ﬂPt>)

Bs
+X(1)\A2,t + X/1X (55A2,t — B85 (EtG?H + 2/€p®1p7r,7rEtpt+1>>

H) + X2 BGY — X2 BB EGyy + (X/_\152f€p®1P7r,7r — 2676, Py ;) P,

— (267802 Pr o + X1 BB52KP01 Pr ) EPriy + (X—il +x0 + X?ﬁé) ey

H} 4+ X2 BGY — X2 BBsEGyy + (X2 1826701 Pr e — 267601 Pr ) P

— (2K 303 Pr » + X1 BB526701 P x) Er Py + x** Aoy

(QPM F28Pue e + X8y — XA BB Py + X2 5L 5, ) L

+ (P + X21BPyn-) 1 + (BPun- — X1 BB5Pyn) Eiitia

+ (Pyn + X2182P,) G+ (BPyn- — X2 BB52Pyy) Eriiena

+ Py + X18Py0) @+ (Pup + X 18P,) O

—X/fﬁﬁapy,aEt&tH X1 555 Et P41

+ (Xf152mp¢1Pﬂ77r — 2/<p91P7r77r) Pt — (QKPﬁQQPWJ + X{\BB(;ZKPQ)leﬂ) Etle

—x*BB; [2Py J0 4+ <Py n+ ) A+ Pyaa)

55
Py O+ 2670, Pr g YA

If the technology shock and the markup shock follow AR(1) process, then

Eiapr = paay

Etép,t—i-l = p,Ops-

Together with the definition of price inflation 7, = Pt - f’t_l, we have

0=

<2Pn,n +2BP,- - + X 1 BPyn — X2 BBsPyn- + X“Bﬁ ﬁ ) g
)

+ (Pn,n* + Xﬁlﬁpy,n*) ﬁt—l + (ﬁpn,n* - le\ﬁﬂépy,n) Etnt+1

+ (P + X1 82P, ) G + (BPyn- — X2 BB52P,y) Exfiraa

+ (Pua + X2 8P, 0 — X1 BBsP apa) e+ (Pop + X1 8P, — X2 BBsPypp,) O,
+ [(X* 1826701 Py — 2670, Py ) — (267 805 Py + X3 BB526701 Prx )| Py
— (267 BO2 P, + X BBs2K7 01 Prz) By
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R P,
—XAzﬁﬂé [ yy;/VA + (Pyn +

L) Al Pl
é

Py O + 2070 P PV

- <2Pn,n £ 2B + X 8Py — XOBBs Py + X2, 5, ) iy
+ (Pop- + X BPyn-) 1 + (BPun- — X1 BBsPyn) Erftrin
( yon T X2 152Py y) Ye + (5 - X?ﬁﬁéQPy,y) Eifiia
( na T X_ 1ﬁ - le\ﬁﬁépy,apa) ay + (Pn,p + XLﬁPy - X1 555 Ppp) pt
+ [(X21 826701 Py — 26201 Pr ) — (267 805 Py + X3 BBs2K 01 Pr )| 4
— (267802 Pr  + X1 88526701 Prz) By
+ [(x1 B2k, Pr x — 2670, Py 7r) (2K7B02Pr x + X1 BB527 01 Pr x| Py
—X"2885 | 2P, 51" + (Pyn g ) 4 Pyaa)

+P, 00 + znpglpmzzwf‘] . (C.52)

Hence, the optimal targeting rule is given by,

w1y + Woly—1 + WaTyq1 + WYy + Wsler1 + Wely + wWrllp + W™y + W41

A 7% WA
—|—W10]3t,1 + W11Y4 —|— wlgnt —|— wlgat —|— w149p t + W15PWA 0 (053)

where we define

m = P—Po, (C.54)
9 = B0 + (C.55)
= By + (C.56)
a = Psa !+ a (C.57)
91:[,/wa = ﬂééz[ﬁl + Oy (C.58)
PVA = P+ P (C.59)

and
wp = (QPmn + QBPnjnf + Xﬁlﬁpy,n - X{\Bﬁé y,n_ + XAQBB 5 )
1)
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(Pop- + X 18Pyn-)
(BP0 X?ﬁﬁ(sPy,n)
(Pyn + X2, 82P,,)
w5 = (BPya- — X1 B8Bs2P,,)
(F
(F
[

we = o+ X2 1BPya — X2 B85 P, yaPa)
@1 = (Pup +X21BPyp — X1 885 Pypp,)
wg = (X 1826701 Pr o — 2P0, 71'7r) (25}0592 mr T X1 188526701 Py ﬂ)]
wy = — (26702 Py + X1 BBs2K7 61 Pr )
Wi = [()(11152/{”(25112“7r — 2/#’«91P7r,7r) — (2/{7’56’21[’7“7r + Xfﬁﬁ(;Q/prﬁle,r)]
W = —XAzﬁﬁazpy,y
w = —x“B8s ( yn T Ly >
55
wiy = —x"?B6,P,
Wiy = —XAQBﬁ(sPyp
wis = —X"2BBs26" 61 Pr

with additional parameters being defined as

01 = ¢+wyssa
o (- e - )
SP
L e
VA _ woYss O
2 (1 - £qusbas) (£ + 7)
o= | — 1(9 ) + 7’/}
- o —o¢p L BN
Xo = @1_ (02 + ¢ — 61) + 72 }
L 91
[ 1
X/1X = 5'73 _mﬂez}
1
s = BH- Gt

A

X_1
o= (—+ 0+X156)

6

33



D Optimal targeting rule for NK model with sticky nominal

wages

To find the optimal targeting rule in the sticky wage model, we follow Giannoni and Woodford (2003).

The linear quadratic problem can be shown to be

: - + 1+ 6 1+6°
min Eq Zﬁt {0 5 ¢xt2 + T+ (wf)z}
t=0

. A 00
{me, 0,0 52

1

20Pkp "t 2pW w

sit. xy = By — - (iy — Eymppr — 77) (A1)
Ty = BEm + KP (0 — ay) + ép,t (Azy)
T = BEm + K (0 + @)z — kY (W — ) (As)
Wy = Wy + 7 — Ty (A4,t)

where

o = N1

v = A" —1
(1-¢1)(1—-¢"p)

£P

w (1-&")(A-¢"p)

K =

&1+ o5F)

The first order conditions associated with the policymaker’s preferences are

T+ Aipor+ Ao —Noy — Ay =0

B g1
(m0) - 0P kP o
w 1+60%
(7}

)
)

(1) : %Al,t =0
)

From equation (D.9), we obtain

Al,t - 0

34

W(W?) +Azp1— A3y + Ay =0

(c+ @)z +B A1 — A+ K (04 @) Ay =0

KPNoy — KAy + BNy — Ay = 0.

Vt.

(D.1)

(D.11)



Accordingly, the optimality conditions simplify to

14 6°
(7Tt) . Wﬂ} + A27t_1 — AQ,t — A47t = 0 (D12)
140"
(71';0) : W(T{';ﬂ) + A3,t—1 - A37t + A47t =0 (D13)
() (o+@)xe+ K (0+d) A3, =0 (D.14)
(U)t) : K/pA27t — liwAg’t + ,8A47t+1 — A47t = 0 (D15>
From equation (D.14),
1
Ag’t = ——T. (D16)
KW

Then substituting Aj; into equation (D.13), we get an expression of Ay,

1+6% 1 1
_— 7Tw) — —wl’t -+ —wl’t_l. (D17>
K K

Plugging the expressions for Az, and A4, into equation (D.15) delivers Ag

1+0v, 14+6v
Boe = Oy (M) — g (M) + Gt
1 1 1
Ti—1 — ( B —+ + —> Tt. (DlS)
KY KP KRYKP  RKYKP  RKP

After substituting the expressions for Ay and Ay, into equation (D.12) and using the definition of

the output gap (z; = g — i%‘gdt), the optimal targeting rule for sticky wage model is given by

w w w w w ~ A 1+¢ A ~
X1 = Xo (M — 7)) + xam + x (7 = ) + X {(yt+1—yt)—a+¢(at+1—at)}
N . 1+¢ . R R . 1+¢ . .
+ — Y1) — Qy — Qp— + 1 — Yp_9) — Ap_1 — Qyp—
X6 (?Jt ytl) 0_+¢(t tl)} X?{(ytl yt2) 0_+¢(t1 t2):|
(D.19)
where
_1+0p1
Xl_ Hp E
14+6% 1
XQ__/B 0w KP W

35



IR

s = T
1+6% 1
X4 = 0Y  KkPRW
B
Xs—_ﬁpﬁw
1 1G] 1 1
XG_(/{I"/{W—FKPKW—FE—F/{_W)
- 1
X7—_ﬂpﬁw-

Another way of writing the optimal targeting rule is

0 = {1 L {(Qt ) — i*‘b (& —aH)]}

ep
L R e A ] |

1+6Y ) ) 1+0 . .
—ﬁ {e—wﬂ-t—&-l + |:<yt+1 —U) — ¢ (Gpg1 — at)} }

KW 0—+¢
1 (146" . . 1+ R
= {e—wﬁﬂq + |:<yt—1 — Yi2) — o +2 (Gy—1 — at—?):| }

(D.20)

which boils down to the targeting rule in the standard NK model with flexible wages for ’%w = 0.
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E Additional Results for Section 5

The lack of robustness of the optimal targeting rules may depend on our modelling choices. We
investigate two avenues to explore the sensitivity of this result: (i) wage indexation in the sticky
wage model, and (ii) the preferences assigned to the policymaker.

The estimation results in Table 2 suggest that the empirical fit of the sticky wage model improves
if we allow for indexation of wages to past inflation. With full wage indexation, the focus of optimal
monetary policy in the sticky wage model shifts from smoothing wage inflation to smoothing the
difference between wage inflation and lagged price inflation, i.e., ;" — m;—;. This change in focus of
the optimal policy is also reflected in the optimal targeting rule derived for the sticky wage model
with ¥ = 1.

Figure 1 plots selected impulse responses to a markup shock when the sticky wage model features
full wage indexation and we repeat the previous exercise of comparing the outcomes in the search
and matching model and the sticky wage model (now with (“ = 1) under the optimal targeting rules
derived in the two models, respectively. Under full wage indexation, the optimal monetary policy in
the sticky wage model refrains from stabilizing wage inflation; to reduce welfare-costly dispersion in
the nominal wage, the central bank smooths the term 7}" —m,_;. Under the markup shock, the decline
in the real wage is still engineered by raising inflation in the impact period. Yet, the rise in price
inflation this period pushes up nominal wages in the subsequent period through indexation which in
turn offsets most of the decline in the real wage. To compensate for this effect, price inflation rises
by more in the impact period under the optimal policy in the model with indexation than absent
indexation. Turning to the optimal targeting rule derived in the search and matching model, this
rule with its focus on reducing price inflation induces even bigger welfare losses (measured as CEV)
in the sticky wage model with full indexation than in the model without indexation (now 1.9728
instead of 1.3033), confirming the lack of robustness of the optimal targeting rules.

For the search and matching model, wage indexation in the sticky wage model only impacts
the responses under the optimal targeting rule from the sticky wage model relative to the previous
discussion; the differences between the two targeting rules are mostly quantitative in nature. Given
the modified focus of the new targeting rule from the sticky wage model, wage inflation is not
stabilized as forcefully as in Figure 4. Yet, since nominal wages in period ¢t move to offset past
inflation, the downward adjustment in the real wage demands even larger movements in inflation

than under the no-indexation targeting rule. Thus, the overall welfare loss in the search and matching
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model (measured as CEV) rises (now 0.1680 instead of 0.1133 for «* = 0).
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Figure 1: Targeting rules with wage indexation in the sticky wage model: price markup shock
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Note: Figure 1 compares the performance of optimal targeting rules for both the search and matching model and the

sticky wage model in response to a price markup shock when the sticky wage model features wage indexation.
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